Abstract. We obtain a necessary and sufficient condition for the oscillation of the higher order neutral delay difference equation
Y. Zhou, Β. Zhang (ii) f(n,-ui,-U2,---,-u¡) = -f{n,ui,u2,··· ,ui), uim > 0,i = 2 ,···,*, (iii) Uif (n,ui,u2,---,ui) > o for u\m > 0,t = 2, • · · (iv) \f(n,ui,u2,· • • ,ui)\ > \f(n,vi,v2,· •· ,i>i)|, whenever < |«¿| and um > 0,i -1,2, · · • ,1.
By a solution of (1), we mean a nontrivial sequence {x n } satisfying (1) for η G N(ño), where ño is some nonnegative integer. A solution {x n } of Eq. (1) is said to be oscillatory if for every K\ > ño there exists an η > K\ such that x n x n+ i < 0, otherwise it is said to be nonoscillatory.
The neutral delay difference equations arise in a number of important applications including problems in population dynamics when maturation and gestation are included, in "cobweb" models in economics, where demand depends on current price but supply depends on the price at an earlier time, and in electrical transmission in lossless transmission lines between circuits in high speed computers. The literature on the oscillations theory of neutral difference equations is growing rapidly (see, for example [2, [8] [9] [10] [11] [12] ). investigated the oscillation and nonoscillation of first order and second order neutral difference equations. The study is a relatively new field and is very interesting in applications.
The motivation for the present work steems from the many comparison theorems in the theory of functional differential equations. We are particularly interested in the work of Erbe, Kong and Zhang [3] , Gopalsamy, Lalli and Zhang [4] , Yan [6] , Zhang, Yu and Wang [7] on linear neutral delay differential equations, and our results are generalizations and extensions of theirs to nonlinear neutral delay difference equations. The plan of the paper is as follows. In Section 2, we shall present some preliminary results, some of which are interesting in their own right. In Section 3, we obtain a necessary and sufficient condition for the oscillation of all solution of (1) which improve and extend the main results in [9] . As some application of this result and the main result in [8], we establish three comparison theorems for the oscillation of (1).
In the sequel, when we write a sequential inequality without specifying its domain of validity, we assume that it holds for all sufficiently large positive integer n. 
Preliminaries
Then, we have eventually 
It follows from (2) that x s (j+i) < 0 for sufficiently large i. This is a contradiction and so (7) holds.
Next, we consider the following three possible cases:
For Case 1, by using a similar method to the above, we can obtain a contradiction and so Case 1 is impossible. For Case 2 we see that eventually y n > 0. For Case 3, since m is an odd integer, it follows that y n > 0 eventually. The proof of Lemma 3 is complete. Proof. By Lemmas 1 and 2, we have y n > 0 eventually and moreover
we claim that m* = 0. Otherwise τη* > 2 and hence A¿y n > 0,j = 0,1, · • · ,m*, which implies that there exists a N\ > ñ.2 such that y n > d for η > Ni and hence x n > y n > d, for n> N\. Substituting this into (1) we have
Summing it up from Ni to Ν for Ν sufficiently large, we have
i=no This is a contradiction and the proof is complete.
In following, let σ = max{r,π -min {<7¿(TI)}} for some ñ > ño· n>n,l<i<l 
It is easy to see from (10) that SW C W, and for any w G W, we have
Define a sequenc {-u^} in VF as follow: = 1, and = Swn\j = 0,1,2, · · ·, η > π -σ. From (10), by induction, we have 0 < i4 j+1) < w® < 1, TieN{ñ-c), j = 0,1,2,···.
Then lim¿_oow^ = wn,n e N(ñ -σ), exists, and 0 < wn < 1. Further, in view of (12) the following holds
σ Set x n = w n y n . Then {xn} is a nonnegative solution of (11) and x n > 0 for ñ -σ < η < ñ.
Finally it remains to show that x n > 0 for η E N(ñ -σ). Assume that exists η' E N(ñ -σ) such that x n > 0 for ñ -σ < η < η' and χ η ι = 0. Clearly, η' > ñ. Thus, by (11) we have 
By Lemma 4, the corresponding equation Then summing up (16) from ñ to τι -1 τη* times we have
where π is sufficiently large such that Xñ > 0. Thus we have, for η > ñ, Proof. Assume the contrary, and let {x n } be an eventually positive solution of (1). Let y n -x n -Ρη^η-τ· Then by Lemmas 2 and 3, y n > 0, Ay n < 0 eventually. In view of (iv) and since x n >y n , we have
By Corollary 2, (21) has an eventually positive solution. This is a contradiction and complete the proof of Theorem 2.
We now compare Eq. (1) with the equation
where
• R is continuous with respect to the last I arguments satisfying (I) F (n, -ui, -u 2 , · · •, -ui) = -F(n,ui,u2, · • · ,u¡) , for muj > 0, i = 2 ,···,/.
(II) uiF(n, ui, · · ·, ui) > 0, for u\ui > 0, i = 2, · · •, I.
THEOREM 3. Assume that either there is {n^} : njt -> oo as k -> oo such that P nk = 0 and g%(n) < n, for η > ñ,i = 1,2,···,1, or there exists a positive integer n* such that P n > 0 for η > η* and
Further, assume that P n > p n and that
Then every solution of Eq. (1) is oscillatory implies the same for Eq. (22).
Proof. Assume the contrary, and let {x n } be an eventually positive solution of (22). Let y n = x n -P n x n -T . As in the proof of Theorem 1 we see that y n > 0 for large η and (15) Xn > 3/00 + P n Xn-r
where i/oo = linin-^oo 3/n > 0. Using a similar method as in the proof of Theorem 1, one can see that Eq. (1) has also an eventually positive solution which contradicts the assumption. If m* > 0, as shown in the proof of Theorem 1, we obtain that for η > ñ Lemma 6 with I = 1 has been proved by Zhang and Yang in [8] . For the case where I > 1, the results of Lemma 6 can be proved, using a slight modification of that in Theorem 2.1 of [8] , and thus, the proof is omitted. By Theorem 3 and Lemma 6, we can obtain the following result. 
